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A preview of calculus

Calculus is the mathematics of change.

Examples : velocities, accelerations, tangent lines, slopes, areas, volumes,
arc lengths, centroids, curvatures, and a variety of other concepts · · ·

Precalculus mathematics is more static, whereas calculus is more
dynamic.

Calculus involves the concept of limits, derivatives, and integrals.
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A preview of calculus

The origin of calculus goes back at least 2500 years to the ancien greek,
who found areas using the method of exhaustion.
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Example : area computation of a triangle
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Example : area computation of a regular polygon
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Example : area computation of a regular polygon
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Example : area computation of a irregular polygon
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Example : area computation of a cuved figure, the disk
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Example : area computation of a cuved figure, the disk

α =
2π
n

A(PnOP1) =
1
2
sin(

2π
n

)

An = A(P1P2 · · ·Pn) =
n

2
sin(

2π
n

)

limn→∞An = π
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Example : area defined by a function
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Example : tangent

limx→a
f (x)− f (a)

x − a
= m where m slope of tangent.
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Example : tangent and velocity

average velocity =
change in position

time elapsed
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Limites : sequences
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Limites : sequences
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Limites : series

1 =
1
2

+
1
4

+ · · · =
∞∑
i=0

1
2i
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Functions

Definition of a function

A function from a set D to a set E , denoted by

f : D → E ,

is a rule that assigns each element x in D to exactly one element f (x) in
E , we write in short

x 7→ f (x).

We call D the domain of f (set of permissible imputs) and E is the codomain.

The element f (x) is the value of f at x (we read "f of x"). We say also that f (x) is the
image of x by f

for y ∈ E if there is x ∈ D with f (x) = y , then we say that x is a preimage for y by f .

The range of f , denoted ran(f ), is the set of all the possible values of f (x) as x varies
throughout the domain. We write

ran(f ) = {f (x)|x ∈ D}.
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Functions

Definition of a function

We say that two functions f : D → E and g : D → E are equal if they
have same domain of imputs and f (x) = g(x), for any x ∈ D.
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Functions

Graph of a function

A graph of a function f , is a set of ordered pairs

Graph(f ) = {(x , f (x))|x ∈ D}

When D,E ⊆ R, one can represent Graph(f ) in the coordinate plane.
Graph(f ) will be the set of point with x-coordinate x and y-coordinate
f (x).
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Vertical line test

Note that a graph is the graph of a function if for any x in the x-axis
there is a unique y such that (x , y) is in the graph.

A curve in the xy-plane is the graph of a function of x if and only if no
vertical line intersect the curve more than once.
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One-to-one function

Definition

We say that a function f : D → E is one-to-one if for any y ∈ E there is
at most one x such that f (x) = y . In other words, any y ∈ E has at
most one preimage. In mathematical words, we write

∀x , y ∈ E , (f (x) = f (y)⇒ x = y).

One can visualize this property easily in a graph, indeed a function is
one-to-one if for any y ∈ E , there is only at most a point in Graph(f )
with y-coordinate this y .
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Onto function

Definition

We say that a function f : D → E is onto E if for any y ∈ E there is at
least one x such that f (x) = y . In other words, any y ∈ E has a
preimage. In mathematical words, we write

∀y ∈ E ,∃x ∈ D, f (x) = y .

In this case, ran(f ) = E .

One can visualize this property easily in a graph, indeed a function is
onto E if for any y ∈ E , there is only at least a point in Graph(f ) with
y-coordinate this y .
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Bijection

Definition

We say that a function f : D → E is bijective if it is one to one and
onto. In other words, for any y ∈ E there is a unique x ∈ D such that
f (x) = y .

One can visualize this property easily in a graph, indeed a function is
onto E if for any y ∈ E , there is only a point in Graph(f ) with
y-coordinate this y .
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Even/Odd function

Definition

If a function f satisfies f (−x) = f (x) we say that the function f is even.
The graph of an odd function is symmetric with respect to the y -axis.

If a function f satisfies f (−x) = −f (x) we say that the function f is
odd. The graph of an odd function is symmetric about the origin.
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Even/Odd function

Definition

A function f is called increasing on an interval I if f (x1) < f (x2)
whenever x1 < x2 in I .

A function f is called decreasing on an interval I if f (x1) > f (x2)
whenever x1 < x2 in I .
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Functions

Are those graphs the graph of a function in x ?
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Functions

Is this graph the graph of a function ?
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Examples of graphs of functions

f : R→ R, f (x) = x .

f : R→ R, f (x) = 3/4x − 2.
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Examples of graphs of functions

f : R→ R, f (x) = |x |.

f : R→ R, f (x) = 2.
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Examples of graphs of functions

f : R→ R, f (x) = x2.

f : R+ → R, f (x) =
√
x .
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Examples of graphs of functions

f : R→ R, f (x) = ex .

f : R∗ → R, f (x) = 1/x .
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Examples of graphs of functions
f : R→ R, f (x) = x3.
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Examples of graphs of functions
f : R→ R, f (x) = x3.
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Piecewise defined function

Absolute value

The absolute value function denoted by | · | : R→ R+ is the function
defined by

|x | =

{
x , x ≥ 0
−x , x < 0

Compute f (0), f (1/2), f (1), f (2), f (3). Draw the graph.

Do the same work with the function denoted by f : R→ R+ is the
function defined by

f (x) = |x − 3|
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Piecewise defined function

We define the piecewise function f : [0,+∞[→ R

f (x) =

{
x , if 0 ≤ x ≤ 1

2− x , if 1 < x ≤ 2
0, if x > 2

Compute f (0), f (1/2), f (1), f (2), f (3). Draw the graph
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Piecewise defined function

We define the piece wise function f : R→ R

f (x) =

{
1− x , if x ≤ 1
x2, if x > 1

Compute f (0), f (1/2), f (1), f (2), f (3). Draw the graph
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Composition

Composition

Let f : B → C and g : A→ B. The function composite f ◦ g : A→ C
(the composition of the function of f and g) is defined as

f ◦ g(x) = f (g(x)).

39 / 345
Calculus (MAM1020)



Contents Functions

Inverse

f : D → E is bijective if and only if f admit an inverse function
f −1 : E → D. That is, f −1 is such that f ◦ f −1 = IdE and f −1 ◦ f = IdD .
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Operation between functions

Sum

Let f : A→ B and g : A→ B. The function sum f + g : A→ B is the
function defined by

(f + g)(x) = f (x) + g(x)
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Operation between functions

Product

Let f : A→ B and g : A→ B. The function product fg : A→ B is the
function defined by

(fg)(x) = f (x)g(x)
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Operation between functions

Product

Let f : A→ B and g : A→ B. The function quotient f /g : A→ B is
the function defined by

f /g(x) = f (x)/g(x)
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Vertical and horizontal schifts

Vertical and horizontal schifts

Suppose that c > 0. To obtain the graph of
1 y = f (x) + c

shift the graph of y = f (x) a distance c units upward ;
2 y = f (x)− c shift the graph of y = f (x) a distance c units

downward ;
3 y = f (x + c) shift the graph of y = f (x) a distance c units left ;
4 y = f (x − c) shift the graph of y = f (x) a distance c units right ;
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Vertical and horizontal stretching and reflecting

Vertical and horizontal stretching and reflecting

Suppose that c > 1. To obtain the graph of
1 y = cf (x)

stretch the graph of y = f (x) vertically by a factor of c ;
2 y = 1/cf (x) shrink the graph of y = f (x) vertically by a factor of c ;
3 y = f (cx) shrink the graph of y = f (x) horizontally by a factor of c ;
4 y = f (1/cx) stretch the graph of y = f (x) horizontally by a factor of

c ;
5 y = −f (x) reflect the graph of y = f (x) about the x-axis ;
6 y = f (−x) reflect the graph of y = f (x) about the y -axis ;
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Polynomial

A polynomial in a single indeterminate x can always be written (or
rewritten) in the form

anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x + a0,

where a0, . . . , an are constants and x is the indeterminate.

This can be expressed more concisely by using summation notation :

n∑
k=0

akx
k
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Polynomial

1 x is the indeterminate ;

2 ai is a coefficient ;
3 aix

i is a monomial and i is the degree of this monomial ;
4 the degree of the polynomial

anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x + a0,

is n (the largest degree of all the monomial appearing in the sum) ;
5 a0 is the constant term (term without indeterminate)
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Polynomial

A polynomial with no indeterminates is called a constant polynomial.
The degree of a nonzero constant polynomial is

0.

Example

The polynomial function p : R→ R defined by p(x) = 2. Is a constant
polynomial function ? What is its degree ? What is the graph of this
function ? What will be the graph of a constant polynomial function ?
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Polynomial

The degree of the zero polynomial, 0, (which has no terms at all) is
generally treated as not defined or defined as negative (either −1 or
−∞). The zero polynomial is the function polynomial p : R→ R defined
by p(x) = 0. What is the graph of this function ?
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Polynomial

Linear function

A linear function is a polynomial of degree one or less, including the
zero polynomial (the latter not being considered to have degree zero).
When the function is of only one variable, it is of the form

f (x) = ax + b,

where a and b are constants, often real numbers.

The graph of such a
function of one variable is a non vertical line.
a is frequently referred to as the slope of the line, and b as the
intercept.
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Polynomial

Power function

A power function is a function of the form f (x) = xa where
a = n, where n is a positive integer ;
a = 1/n, where n is a positive integer ;
a = −1.
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Polynomial

Power function

A power function is a function of the form f (x) = xa where
a = n, where n is a positive integer ;
a = 1/n, where n is a positive integer ;
a = −1.
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Polynomial

Quadratic polynomial

A quadratic polynomial is a polynomial of degree two. When the
function is of only one variable, it is of the form

f (x) = ax2 + bx + c ,

where a, b and c are constants, often real numbers and a non 0.

The
graph of such a function of one variable is a parabola.
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Rational function

Rational function

A rational function is a ratio of two polynomial f (x) = P(x)
Q(x) where P

and Q are polynomials. The domain consists on the values such that
Q(x) 6= 0.

54 / 345
Calculus (MAM1020)



Contents Functions

Exponential function

Exponential function

A exponential function is a function fa : R→ (0,+∞) such that
f (x) = ax , where the base a is a positive constant.

The logarithm function where the base a is a positive constant is the
inverse function f −1a : (0,+∞)→ R we write f −1a (x) = loga(x).
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Graph for exponential and logarithm
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Exponential function

Exponential function

It turns out that some of the formula of the Calculus will be greatly
simplified if we choose the base a so that the slope of the tangent line at
(0, 1) is 1. In fact there exist a number such that this is true and we call
this number e. We will see that the value of e correct to five decimal
places is

e ∼ 2.71828

We call the function f : R→ R defined by f (x) = ex the natural
exponential function.
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Exponential laws

We have for any a > 0, n, p, q ∈ N

an = a · · · a, (n times),

a−n =
1
an

and
ap/q = (q

√
a)p
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Exponential laws

We have for any a > 0, x , y ∈ R

ax+y = axay ,

ax−y =
ax

ay
,

(ax)y = axy

and
(ab)x = axbx
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Exponential and logarithm function

We have
loga(x) = y ⇔ ay = x ,

loga(ax) = x , ∀x ∈ R
and

aloga(x) = x , ∀x > 0
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Exponential and logarithm function

We have for any x , y , r ∈ R,

loga(xy) = loga(x) + loga(y)

loga(
x

y
) = loga(x)− loga(y)

and
loga(x r ) = rloga(x)
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Natural exponential and logarithm function

We have for any x , y ∈ R,

loge(x) = ln(x)

ln(x) = y ⇔ x = ey

ln(ex) = x ,

and for any x > 0
e ln(x) = x

e0 = 1

ln(e) = 1
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Change of basis for logarithm function

For any a > 0,

loga(x) =
ln(x)

ln(a)
.
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Trigonometry function
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Trigonometry function

For any x ∈ (−∞,+∞),

−1 ≤ sin(x) ≤ 1 (⇔ |sin(x)| ≤ 1),

−1 ≤ cos(x) ≤ 1 (⇔ |cos(x)| ≤ 1),

sin(x + 2π) = sin(x)

cos(x + 2π) = cos(x)

tan(x) =
sin(x)

cos(x)

tan(x + π) = tan(x)
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Parametric curves

Imagine a particule moves around the curve C in the picture bellow

Can this be represented by a function y = f (x) ?
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Parametric curves

Definition

Suppose that x and y are both given in term of function in term a third
variable t (called the parameter ) by the equation x = f (t) and
y = g(t) called parametric equation. Each value of t determine a point
(x , y), which we can plot in a coordinate plane. As t varies, the point
(x , y) = (f (t), g(t)) varies and traces out a curve C , which we call a
parametric curve.
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Parametric curves

Definition

Sketch and identify the curve defined by the parametric equations

x = t2 − 2t and y = t + 1
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Parametric curves

Identifying parametric curves

1 What curve is represented by the following parametric equations ?

x = cos(t) and y = sin(t), 0 ≤ t ≤ 2π

2 What curve is represented by the following parametric equations ?

x = cos(2t) and y = sin(2t), 0 ≤ t ≤ 2π

3 Find parametric equations for the circle with center (h, k) and radius
r .
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Conic : Ellipse

DERIVATION OF STANDARD EQUATION FOR ELLIPSE FROM THE LOCUS
DEFINITION OF AN ELLIPSE
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Conic : Ellipse

DERIVATION OF STANDARD EQUATION FOR ELLIPSE FROM THE LOCUS
DEFINITION OF AN ELLIPSE
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Conic : Ellipse

Exercise

Find the standard form of the ellipse given by the equation
4x2 + 9y2 − 48x + 72y + 144 = 0.
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Conic : Hyperbola

DERIVATION OF STANDARD EQUATION FOR HYPERBOLA FROM THE
LOCUS DEFINITION OF A HYPERBOLA
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Conic : Hyperbola

DERIVATION OF STANDARD EQUATION FOR HYPERBOLA FROM THE
LOCUS DEFINITION OF A HYPERBOLA
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Conic : Hyperbola

DERIVATION OF STANDARD EQUATION FOR HYPERBOLA FROM THE
LOCUS DEFINITION OF A HYPERBOLA
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Conic : Hyperbola

DERIVATION OF STANDARD EQUATION FOR HYPERBOLA FROM THE
LOCUS DEFINITION OF A HYPERBOLA
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Conic : Hyperbola

Exercise

Find the standard form of the hyperbola given by the equation
4x2 − 25y2 − 50y − 125 = 0.
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Conic : Parabola

DERIVATION OF STANDARD EQUATION FOR HYPERBOLA FROM THE
LOCUS DEFINITION OF A PARABOLA
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Conic : Parabola

DERIVATION OF STANDARD EQUATION FOR HYPERBOLA FROM THE
LOCUS DEFINITION OF A PARABOLA
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Conic : Parabola

Parabola
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Conic : Parabola

Parabola
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Conic : Ellipse

Ellipse
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Conic : Ellipse

Ellipse
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Conic : Hyperbola

Hyperbola
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Conic : Hyperbola

Hyperbola
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Conic : Hyperbola

Hyperbolic
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Conics not centered about the origin.
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Exercises

1 Find the focus of the parabola whose equation is y = −2x2 ;

2 Write the standard form of the equation of the parabola with vertex at the origin and
focus at (2, 0) ;

3 Sketch the ellipse given by 4x2 + y2 = 36.

4 Find the standard form of the equation of the hyperbola with foci at (−3, 0) and (3, 0)
and vertices at (−2, 0) and (2, 0).

5 Sketch the ellipse given by 4x2 + y2 = 36.

6 Sketch the hyperbola whose equation is 4x2 − y2 = 16.

7 Find the vertex and focus of the parabola given by x2 − 2x + 4y − 3 = 0.

8 Sketch the ellipse given by x2 + 4y2 + 6x − 8y + 9 = 0.
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Exercises

1 Describe the translation of the graph of each conic.

1 (x − 1)2 + (y + 2)2 = 32 ;
2 (x − 2)2 = 4(−1)(y − 3) ;

3 (x−3)2

12 − (y−2)2

32 = 1 ;

4 (x−2)2

32 − (y−1)2

22 = 1 ;

2 Sketch the hyperbola given by

y2 − 4x2 + 4y + 24x − 41 = 0

3 Write the standard form of the equation of the ellipse whose vertices are (2,−2) and
(2, 4). The length of the minor axis of the ellipse is 4.
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Conic : Application

93 / 345
Calculus (MAM1020)



Contents Functions

Formal definition of limit

When L is not infinity and a not infinity
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Formal definition of limit

When L is not infinity and a is infinity

1 limx→+∞f (x) = L means that for each ε > 0 as small as you want, there exist M > 0 big
enough, such that for any x > M such that |f (x)− L| < ε ;

2 limx→−∞f (x) = L means that for each ε > 0 as small as you want, there exist M < 0
small enough, such that for any x < M such that |f (x)− L| < ε
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Formal definition of limit

When L is infinity and a is infinity

1 limx→+∞f (x) = +∞ means that for each M > 0 as big as you want, there exist N > 0
big enough, such that for any x > N such that f (x) > M ;

2 limx→+∞f (x) = −∞ means that for each M < 0 as small as you want, there exist N > 0
big enough, such that for any x > N such that f (x) < M ;

3 limx→−∞f (x) = +∞ means that for each M > 0 as big as you want, there exist N < 0
small enough, such that for any x < N such that f (x) > M ;

4 limx→−∞f (x) = −∞ means that for each M < 0 as small as you want, there exist
N < 0 small enough, such that for any x < N such that f (x) < M ;
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Limit law
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Limit law
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Exercise

Compute the limit
1 limx→1(2x3 + 5) ;

2 limx→1
x2−1
x−1 ;

3 limx→1g(x) where

g(x) =

{
x + 1, if x 6= 1
π, if x = 1

4 limh→0
(3+h)2−9

h

5 limt→0

√
t2+9−3
t2

6 limx→0|x| ;
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Exercise

Compute the limit
1 limx→0

|x|
x ;

2 Let [[x]] be the largest integer that is less or equal to x ∈ R ; Prove that limx→3[[x]] does
not exist.

3 Show that limx→0x
2sin(1/x).

4 What is wrong with the following equation

x2 + 2x + 1
x + 1

= (x + 1)?

Why limx→−1
x2+2x+1

x+1 = limx→−1(x + 1) is still true ? Compute this limit.

5 Compute limx→0
√
x + x2cos(π/x).

6 If 4x − 9 ≤ f (x) ≤ x2 − 4x + 7 for x ≥ 0, compute limx→4f (x).

7 Let f : R→ R such that

f (x) =

{
x x < 0

x + 1 x ≥ 0

Compute limx→0−f (x), limx→0+f (x) and f (0).
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Definition

A function f : R→ R is continuous at a number a if

limx→af (x) = f (a)

Otherwise, we say that f is discontinuous at a.
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Exercises

Do you see any number where the following real functions are
discontinuous. Explain.

1 f (x) = x2−x−2
x−2 .

2

f (x) =

{ 1
x2 , if x 6= 0
1, if x = 0

3

f (x) =

{
x2−x−2

x−2 , if x 6= 2
1, if x = 0

4 f (x) = [[x]].
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Definition

1 A function f : R→ R is continuous at a number a on the right if

limx→a+ f (x) = f (a)

2 A function f : R→ R is continuous at a number a on the left if

limx→a− f (x) = f (a)

Exercise : Study [[−]] continuity on the right and on the left.
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Definition

A function is continuous on an interval if it is continuous at every
number of an interval.

Exercise : Show that the function f (x) = 1−
√
1− x2 is continuous on

the interval [−1, 1].
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Theorem

If f and g are continuous at a and c is a constant, then the following
function are continuous at a :

1 f + g ;
2 f − g ;
3 fg ;
4 f

g , when g(a) 6= 0.
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Theorem

1 Every polynomial is continuous everywhere on it domains of
definition that is R ;

2 Every rational function is continuous wherever it is defined ; that is it
is continuous on its domain ;

3 Every root function is continuous wherever it is defined ; that is it is
continuous on its domain ;

4 Every trigonometric function is continuous wherever it is defined ;
that is it is continuous on its domain ;

5 Every exponential function is continuous wherever it is defined ; that
is it is continuous on its domain ;

6 Every logorithmic function is continuous wherever it is defined ; that
is it is continuous on its domain ;
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Exercises

1 Where is the function f (x) = ln(x)+ex

x2−1 continuous ?

2 Evaluate limx→π
sin(x)

2+cos(x) .
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Theorem

If f is is continuous at b and limx→ag(x) = b, then
limx→af (g(x)) = f (b). In other words,

limx→af (g(x)) = f (limx→ag(x))

Theorem

If g is is continuous at a and f is continuous at g(a), then the composite
function f ◦ g is continuous at a.
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Exercises

Where are the following functions continuous
1 h(x) = sin(x2).
2 F (x) = ln(1 + cos(x)).
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The intermediate value theorem

Suppose that f is continuous on the closed interval [a, b] and let N be
any number between f (a) and f (b) where f (a) 6= f (b). Then, there
exists a number c ∈ (a, b) such that f (c) = N.
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Exercises

Show that there is a root of the equation

4x3 − 6x2 + 3x − 2 = 0

between 1 and 2.
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Definition

The notation
limx→af (x) =∞

means that the values of f (x) can be made arbitrarily large (as large as
we please) by taking x sufficiently closed to a (on either side of a) but
not equal to a.
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Definition

The line x = a is called a vertical asympote of the curve y = f (x) if at
least one of the following statement is true :

limx→af (x) =∞ limx→a− f (x) =∞ limx→a+ f (x) =∞
limx→af (x) = −∞ limx→a− f (x) = −∞ limx→a+ f (x) = −∞
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Theorem

limx→0+ ln(x) = −∞;

limx→0+

1
xn

=∞ and limx→0−
1
xn

= −∞

when n is odd and

limx→0+

1
xn

=∞ and limx→0−
1
xn

=∞

when n is even.
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Exercise

1 Find
limx→3+

2x
x − 3

and limx→3−
2x

x − 3
2 Find

limx→0ln(tan2(x))
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Definition

Let f be a function defined on the interval (a,∞). Then

limx→∞f (x) = L

means that the values of f (x) can be made as close to L as we like by
taking x sufficiently large.

Definition

Let f be a function defined on the interval (−∞, a). Then

limx→−∞f (x) = L

means that the values of f (x) can be made as close to L as we like by
taking x sufficiently large in the negative number.
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Theorem

limx→∞
1
xn

= 0

and
limx→−∞

1
xn

= 0
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Theorem

limx→∞f (x) =∞
means as x becomes large, f (x) becomes large.
Similarly

limx→∞f (x) = −∞
limx→−∞f (x) =∞
limx→−∞f (x) = −∞

122 / 345
Calculus (MAM1020)



Contents Functions

Theorem

limx→∞xn =∞
and

limx→−∞xn = −∞ when n is odd and limx→−∞xn =∞ when n is even.
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Theorem

limx→∞ex =∞
and

limx→−∞ex = 0
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Theorem

In the following we suppose a to be either a real number or ∞ or −∞ ;
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Theorem

In the following we suppose a to be either a real number or ∞ or −∞ ;

126 / 345
Calculus (MAM1020)



Contents Functions

Theorem

In the following we suppose a to be either a real number or ∞ or −∞ ;
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Theorem

If limx→ag(x) = A and limX→Af (X ) = L then

limx→af (g(x)) = L
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Exercise

1 Find

limx→−∞
x2 − 1
x2 + 1

and limx→+∞
x2 − 1
x2 + 1

2 Find

limx→−∞
3x2 + 3x − 1
5x2 − 10x + 1

and limx→+∞
3x2 − 3x − 1
5x2 − 10x + 1
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Exercise

1 Compute limx→∞
√
x2 + 1− x ;

2 Compute limx→0−e
1/x ;

3 Compute limx→0+e1/x ;
4 Comute limx→∞x2 − 3x ;
5 Comute limx→∞

x3−3x
x2−1 ;
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Tangent

Definition

The tangent line to the curve y = f (x) at the point P(a, f (a)) is the
line through P with slope

m = limx→a
f (x)− f (a)

x − a

provided that that limit exist.
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Tangent

Exercise

Find an equation of the tangent line to the parabola y = x2 at the point
P(1, 1).
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Tangent

The tangent line to the curve y = f (x) at the point P(a, f (a)) is also
the line through P with slope

m = limh→0
f (h + a)− f (a)

h

provided that that limit exist.
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Tangent

Exercise

Find an equation of the tangent line to the parabola y = 3/x at the
point P(3, 1).
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Velocity

Definition

Suppose an object moves according to an equation of motion s = f (t),
where s is the displacement (directed distance) of the object from the
origin at time t. The function f that describes the motion is called the
position function of the object. In the time interval from t = a to
t = a + h the change in position is f (a + h)− f (a) the average velocity
on this interval is

average velocity =
displacement

time
=

f (a + h)− f (a)

h

We define the velocity (or instantaneous velocity) v(a) at time a to be
the limit of the average velocity

v(a) = limh→0
f (a + h)− f (a)

h

135 / 345
Calculus (MAM1020)



Contents Functions

Exercise

Suppose that a ball is dropped from the upper observation deck of the
CN tower, 450m over the ground. The distance (in meters) fallen after t
seconds is 4.9t2.

1 What is the velocity of the ball after 5 seconds ?
2 How fast is the ball traveling when it hits the ground ?
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Derivative

Definition

The derivative of a function f at a number a, denoted by f ′(a) is

f ′(a) = limh→0
f (a + h)− f (a)

h
= limx→a

f (x)− f (a)

x − a

The tangent line to y = f (x) at (a, f (a)) whose slope is equal to f ′(a),
the derivative of f at a.
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Exercise

Find the derivative of the function f (x) = x2 − 8x + 9 at a number a.
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Application

Suppose y is a quantity that depends on another quantity x . Thus y is a
function of x and we write y = f (x). If x changes from x1 to x2 then the
change in x is called the increment of x is

∆x = x2 − x1

and the corresponding change in y is

∆y = y2 − y1

The different quotient ∆y

∆x
is called the average rate change of y with

respect to x The (instanteneous) rate change of y with respect to
x at x1 is the slope of the tangent to the curve y = f (x) at the point
(x1, f (x1)), that is also the derivative f ′(x1).
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Exercise

1 If f (x) = x3 − x , find a formula for f ′(x)

2 Illustrate by comparing the graph of f and f ′.
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Exercise

If f is a function defined by f (x) =
√
x , then compute the rule for f ′ and

its domain.
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Exercise

If f is a function defined by f (x) = 1−x
2+x , then compute the rule for f ′.
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Notation

Here some alternative notation for the derivative at a of function with
y = f (x)

f ′(a) = y ′ =
dy

da
=

df

dx
|x=a = Df (a) = Dx f (a)

The symbol D and df
dx are called differentiation operators, because they

indicate the operation of differentiation, which is the process of
calculating a derivative.
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Definition

A function f is differentiable at a if f ′(a) exists. It is differentiable on
a open interval (a, b) (or (a,∞) or (−∞, a) or (−∞,∞)) if it is
differentiable at every number in the interval.
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Exercise

Where is the function define by the rule f (x) = |x | is differentiable ?
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Theorem

If f is differentiable at a then f is continuous at a.

The converse of this theorem is wrong !
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How can a function can fail to be differentiable ?

1 if you function is discontinuous at some point ;

2 if you find different right and left limit for the ratio f (x)−f (a)
x−a at a ;

3 if there is a infinite limit for the ratio f (x)−f (a)
x−a at a ; (that would give a vertical line

tangent graphically ;

4 if there is no limit for the ratio f (x)−f (a)
x−a ;
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Higher derivatives

Definition

If f is a differentiable function, then its derivative f ′ is also a function, so
f ′ may have a derivative of its own, denoted by (f ′)′ = f ′′. This new
function is called the second derivative of f . The third derivative is
the derivative of the second derivative denoted b y (f ′′)′ = f ′′′. The
process continues. In general the nth derivative is denoted by f (n) and is
obtained by differentiating f nth time.
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Acceleration

We have seen that if we have a position function of the object. Then,
f ′(a) = v(a) describe the velocity of this object at the time a. Moreover,
we have that f ′′(a) = v ′(a) describe the acceleration of the object at
a.
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Relationship between f and f ′.

Theorem

If f ′(x) > 0 on an interval, then f is increasing on that interval.
If f ′(x) < 0 on an interval, then f is decreasing on that interval.
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Relationship between f and f ′.

Exercise

1 If it is known that the derivative f ′ of a function is as shown in figure 2, what can we say
about f ?

2 If it is known that f (0) = 0, sketch a possible graph of f
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Relationship between f and f ′.

Theorem

If f ′′(x) > 0 on an interval, then f is concave upward on that interval.
If f ′′(x) < 0 on an interval, then f is concave downward on that interval.

An inflection point is a point where a curve changes its direction of
concavity.
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Exercise

Figure 6 shows a population graph for Cyprian honeybees raised in a
apiary. How does the rate of population increase change over time ?
When is this rate highest ? Over what intervals is P concave upward or
concave downward ?
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Exercise

Theorem

Sketch a possible graph of a function f that satisfies the following
conditions :

1 f ′(x) > 0 on (−∞, 1), f ′(x) < 0 on (1,∞) ;
2 f ′′(x) > 0 on (−∞,−2) and (2,∞), f ′′(x) < 0 on (−2, 2) ;
3 limx→−∞f (x) = −2, limx→∞f (x) = 0.
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Antiderivative

Definition

An antiderivative of f is a function F such that F ′ = f .
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Antiderivative

Exercise

Let F be an antiderivative of the function f whose graph is shown in
Figure 8.

1 Where is F increasing or decreasing ?

2 Where is F concave upward or concave downward ?

3 At what values of x does F have an inflection point ?

4 If F (0) = 1, sketch the graph of F .

5 How many antiderivatives does f have ?
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Derivative

Exercise

Compute the derivative of
1 f (x) = x2 ;

2 f (x) = x3 ;

3 f (x) = x4 ;
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Binomial coefficient

Definition (factorial)

For a positive integer n, the factorial,

n! = n × (n − 1)× (n − 2)× · · · × 3× 2× 1

is the number of ways of arranging n distinct objects in a line. For two
positive integers n and k the binomial coefficient(

n

k

)
=

n!

k!(n − k)!
=

n(n − 1) · · · (n − k + 2)(n − k + 1)

k(k − 1) · · · 3 · 2 · 1

is the number of ways to choose a subset of k elements from a collection
of n elements. A fundamental fact about binomial coefficients is the
following (

n

k − 1

)
+

(
n

k

)
=

(
n + 1
k

)
This is known as Pascal’s formula.
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Binomial theorem

Theorem

For every positive number and every pair of number a and b,

(a + b)n = an + nan−1b + · · ·+
(
n
k

)
an−kbk + · · ·+ nabn−1 + bn

=
∑

k=0 n
(
n
k

)
an−kbk|

Hint for proof : use induction.
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Derivative

Definition

e is the number such that

limh→0
eh − 1

h
= 1

Rules

f (x) f ′(x)
c 0
x 1

xn, n ∈ R nxn−1

ex ex
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Derivative

Exercise

Compute the derivative of
1 f (x) = x6 ;

2 f (x) = x1000 ;

3 f (t) = t4 ;

4 f (r) = r3.

5 f (x) = 1
x2

6 f (x) =
3√
x2

7 f (x) = x
√
x.
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Derivative rules

Rules

Function at x Derivative at x
cf (x) cf ′(x)

f (x) + g(x) f ′(x) + g ′(x)
f (x)− g(x) f ′(x)− g ′(x)
f (x)g(x) f (x)g ′(x) + f ′(x)g(x)

f (x)
g(x)

g(x)f ′(x)−f (x)g ′(x)
g(x)2

1
g(x)

−g ′(x)
g(x)2
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Exercise

Compute the derivative of the function defined by
f1(x) = x8 + 12x5 − 4x4 + 11x3 + x2 + 6x ,
f2(x) = x8 + 12x5 − 4x4 + 11x3 + x2 + 6x + 5 and
f3(x) = x8 + 12x5 − 4x4 + 11x3 + x2 + 6x + 10
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Exercise

Compute the first and second derivative of the function defined by
f (x) = ex − x .
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Exercise

Find the points of the curve y = x4 − 6x2 + 4 where the tangent line is
horizontal.
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Exercise

At what point on the curve y = ex is the tangent line parallel to the line
y = 2x ?
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Exercise

Differentiate the function f (t) =
√
t(a + bt).

167 / 345
Calculus (MAM1020)



Contents Functions

Exercise

If f (x) =
√
xg(x) where g(4) = 2 and g ′(4) = 3, find f ′(4).
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Exercise

Compute the derivative of f (x) = x2+x−2
x3+6 .
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Exercise

Find an equation of the tangent line to the curve y = ex

1+x2 at the point
(1, 1/2e).
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Exercise

Compute the derivative of f (x) = 3x2+2
√
x

x .

171 / 345
Calculus (MAM1020)



Contents Functions

Derivative of trigonometric function

Function at x Derivative at x
cos(x) −sin(x)
sin(x) cos(x)

tan(x) = sin(x)
cos(x) sec2(x) = 1/cos2(x)

sec(x) = 1
cos(x) sec(x)tan(x)

csc(x) = 1
sin(x) −csc(x)cot(x)

cot(x) = 1
tan(x) −csc2(x)
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Exercise

Compute the derivative of f (x) = x2sin(x) and g(x) = sec(x)
1+tan(x)
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Exercise

Find the 28th derivative of f (x) = cos(x).
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Exercise

An object at the end of a vertical spring is stretched 4cm its rest position
and released t time t = 0. Its position at time t is

f (t) = 4cos(t).

Find the velocity and acceleration at time t.
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Chain rule

Function at x Derivative at x
f (g(x)) g ′(x)f ′(g(x))
u(x)n nu′(x)u(x)n−1

ax ax ln(a)
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Exercise

Differentiate
1 F (x) =

√
x2 + 1,

2 G(x) = sin(x2),

3 H(x) = sin2(x),

4 W (x) = (x3 − 1)100,

5 U(x) = 1
3√

x2+x+1
,

6 V (x) =
(

t−2
t2+2

)9
,

7 S(x) = (2x + 1)5(x2 + 4x + 2)2,

8 T (x) = esin(x),

9 R(x) = sin(cos(tan(x))),

10 Q(θ) = esec(4θ).
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Tangent to parametric curves

If we have a parametric curve defined with x = f (t) and y = g(t), the
slope of tangent at the point (x , y) is

dy

dx
=

g ′(t0)

f ′(t0)
=

dg(t0)
dt

df (t0)
dt

=
dy
dt
dx
dt

where t0 such that x = f (t0) and y = g(t0).

178 / 345
Calculus (MAM1020)



Contents Functions

Exercise

Find an equation of the tangent line to the parametric curve

x = 2sin(2t) y = 2sin(t)

at the point (
√
3, 1/2). Where does this curve has horizontal or vertical

tangent ?
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Implicit differentiation

For example if we take the equation

x2 + y2 = 25

and try to solve for y in term of x , we get two new equations

y =
√

25− x2 and y = −
√

25− x2

The graph of the equation x2 + y2 = 25 is a circle centered at the origin
(0, 0) with radius 5 and the above two equations describe the upper and
lower halves of the circle respectively.
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Implicit differentiation
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Naive approach (not that good)

Now suppose we want to find the equation of the tangent to the circle at
the point where x = 4 and y = 3. One method of solving the problem
would be to

1 Solve for y in terms of x, (getting 2 equations y =
√
25− x2 and

y = −
√
25− x2.)

2 Decide which of these parts of the curve pass through the relevant
point. (y =

√
25− x2)

3 Take the derivative of y with respect to x for the equation describing
that part of the curve (y ′ = −2x

2
√
25−x2 )

4 Calculate the value of y ′ when x = 4 giving us the slope of the
tangent (y = −4/3)

5 Find the equation of the line with that slope through the point (4, 3).
(y − 3) = −4/3(x − 4) .

The above example was not difficult. BUT IT COULD BE MUCH MUCH
HARDER.
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Implicit differentiation

There is a much easier method (called implicit differentiation) for
finding such tangents thanks to the chain rule : If y is defined implicitly
as a function of x by an equation relating x and y , we treat y as a
differentiable function of x and proceed as follows :
Implicit Differentiation

1 Differentiate both sides of the equation with respect to x , treating y
as a differentiable function of x .

2 Collect the terms with y ′ (or dy
dx ) on one side of the equation and

solve for y ′.
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Exercise

Find the equation of a tangent to the circle x2 + y2 = 25 when x = 4
and y = 3.
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Exercise

Find the equation of a tangent line to the curve described by the equation

2(x2 + y2) = 25(x2 − y2)

when x = 3 and y = 1.
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Exercise

Find dy
dx using implicit differentiation if

y5 + xy4 = 2.
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Exercise

Find y ′′ using implicit differentiation if
√
x +
√
y = 1.
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Exercise

Find dy
dx by implicit differentiation if ysin(x2) = xsin(y2).
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Exercise

The following curve is called the bouncing wagon. At what values of x
does the graph have horizontal tangents ?
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L’Hospital’s rule

Suppose f and g are differentiable and g ′(x) 6= 0 near a (except possibly
at a). Suppose that

limx→af (x) = 0 and limx→ag(x) = 0

or that
limx→af (x) = ±∞ and limx→ag(x) = ±∞

(In other words, we have an indeterminate form of type 0
0 or ∞∞ .) Then

limx→a
f (x)

g(x)
= limx→a

f ′(x)

g ′(x)

if the limit on the right side exists (or is ∞ or −∞).
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L’Hospital’s rule : Note on products

fg =
f

1/g
=

g

1/f

The indeterminate for the product of the form 0 · ∞ can be converted
into indeterminate of the from 0

0 or ∞/∞ so we might be able to use the
Hospital Rule.
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L’Hospital’s rule : Note on differences

f − g

The indeterminate for the difference (sum) of the form ∞−∞ can
sometimes be converted into quotient (for instance using common
denominator, rationalizing, factoring...), so you might be able to use the
Hospital Rule.

192 / 345
Calculus (MAM1020)



Contents Functions

L’Hospital’s rule : Note on powers

Several indeterminate forms arise from the limit

limx→a[f (x)]g(x)

1 limx→af (x) = 0 and limx→ag(x) = 0 type 00

2 limx→af (x) =∞ and limx→ag(x) = 0 type ∞0

3 limx→af (x) = 1 and limx→ag(x) = ±∞ type ∞0
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L’Hospital’s rule : Note on powers

Each of these case can be treated by taking the natural logarithm

y = [f (x)]g(x) then ln(y) = g(x)ln(f (x))

or by writing the function as an exponential :

[f (x)]g(x) = eg(x)ln(f (x))

And we get in each case an indeterminate product 0 · ∞.

194 / 345
Calculus (MAM1020)



Contents Functions

L’Hospital’s rule

1 Find limx→1
ln(x)
x−1 ;

2 Calculate limx→∞
ex

x2 ;

3 Calculate limx→∞
1/x
3√x

;

4 Calculate limx→∞
ln(x)

3√x
;

5 Calculate limx→0
tan(x)−x

x3 ;

6 Find limx→π−
sin(x)

1−cos(x) ;

7 Evaluate limx→0+xln(x) ;
8 Compute limx→(π/2)−(sec(x)− tan(x)).

9 Calculate limx→0−(1 + sin(4x))cot(x)

10 Find limx→0+xx .
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Inverse sin

sin : [−π/2, π/2]→ [−1, 1] is a bijective. Thus admit an inverse
arcsin = sin−1 : [−1, 1]→ [−π/2, π/2] thus when x ∈ [−1, 1] and
y ∈ [−π/2, π/2],

arcsin(x) = sin−1(x) = y ⇔ sin(y) = x
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BE AWARE

sin−1(x) 6= 1
sin(x)
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Inverse sin

For −π/2 ≤ x ≤ π/2,
sin−1(sin(x)) = x

For −1 ≤ x ≤ 1,
sin(sin−1(x)) = x
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Exercise

Evaluate
1 sin−1(1/2)

2 tan(arcsin(1/3))
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Inverse sin

d/dx(sin−1(x)) =
1√

1− x2
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Exercise

If f (x) = sin−1(x2 − 1), find
1 the domain of f ;
2 f ′(x) ;
3 the domain of f ′ ;
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Inverse cos

cos : [0, π]→ [−1, 1] is a bijective. Thus admit an inverse
arccos = cos−1 : [−1, 1]→ [0, π] thus when x ∈ [−1, 1] and y ∈ [0, π],

arccos(x) = cos−1(x) = y ⇔ cos(y) = x
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Inverse cos

d/dx(cos−1(x)) = − 1√
1− x2
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Inverse tan

tan : [−π/2, π/2]→ R is a bijective. Thus admit an inverse
arctan = tan−1 : R→ (−π/2, π/2) thus when x ∈ R and
y ∈ (−π/2, π/2),

arctan(x) = tan−1(x) = y ⇔ tan(y) = x
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Inverse tan

d/dx(tan−1(x)) =
1

1 + x2
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Inverse tan

limx→(−π/2)+tan(x) = −∞ and limx→(π/2)−tan(x) =∞

limx→∞tan−1(x) = π/2 and limx→−∞tan−1(x) = −π/2
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Exercise

Simplify the expression cos(tan−1(x))
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Exercise

Evaluate limx→2+arctan
(

1
x−2

)
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Exercise

Differentiate
1 y = 1

tan−1(x)

2 f (x) = x arctan(
√
x).
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Hyperbolic function

The hyperbolic sine function is denoted sinhx and is defined as

sinh(x) =
ex − e−x

2

The domain of definition sinh D(sinh) and the range R(sinh) are :

D(sinh) = R and R(sinh) = R

The hyperbolic cosine function is denoted cosh x and is defined as

cosh(x) =
ex + e−x

2

D(cosh) = R and R(cosh) = [1,∞)
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Theorem

cosh2(x)− sinh2(x) = 1
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Definition

tanh(x) =
sinh(x)

cosh(x)
=

ex − e−x

ex + e−x
D(tanh) = R and R(tanh) = (−1, 1)

coth(x) =
cosh(x)

sinh(x)
=

ex + e−x

ex − e−x
, D(coth) = (−∞, 0)∪(0,∞) and R(coth) = (−∞,−1)∪(1,∞)

sech(x) =
1

cosh(x)
=

2
ex + e−x

, D(sech) = (−∞,∞) and R(sech) = (0, 1)

csch(x) =
1

sinh(x)
=

2
ex − e−x

, D(csch) = (−∞, 0)∪ (0,∞) and R(csch) = (−∞, 0)∪ (0,∞)
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Identies

1− tanh2(x) = sech2(x)

coth2(x)− 1 = csch2(x)
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Identies

d/dx(sinh(x)) = cosh(x)

d/dx(cosh(x)) = sinh(x)

d/dx(tanh(x)) = sech2(x)

d/dx(coth(x)) = −csch2(x)

d/dx(sech(x)) = −sech(x)tanh(x)

d/dx(csch(x)) = −csch(x)coth(x)
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Exercise

1 d/dx(cosh(1/x)) =

2 d/dx(sinh(cosh(x))) =
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Identies

sinh : R→ R is bijective, thus admit an inverse sin−1 : R→ R, we have
for any x , y ∈ R,

sinh−1(x) = y ⇔ sinh(y) = x

From this one can prove that :

sinh−1(x) = ln(x +
√
x2 + 1)
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Identies

cosh : [0,∞)→ [1,∞) is bijective, thus admit an inverse
cosh−1 : [1,∞)→ [0,∞), we have for any x ∈ [1,∞) and y ∈ [0,∞),

cosh−1(x) = y ⇔ cosh(y) = x

From this one can prove that :

cosh−1(x) = ln(x +
√
x2 − 1), if x ≥ 1
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Identies

tanh : R→ (−1, 1) is bijective, thus admit an inverse
tanh−1 : (−1, 1)→ R, we have for any x ∈ (−1, 1) and y ∈ R,

tanh−1(x) = y ⇔ tanh(y) = x

From this one can prove that :

tanh−1(x) = 1/2ln
(
1 + x

1− x

)
, if |x | < 1

220 / 345
Calculus (MAM1020)



Contents Functions

Identies

sech : [0,∞)→ (0, 1] is bijective, thus admit an inverse
sech−1 : (0, 1]→ [0,∞), we have for any x ∈ (0, 1] and y ∈ [0,∞),

sech−1(x) = y ⇔ sech(y) = x

From this one can prove that :

sech−1(x) = ln

(
1 +
√
1− x2

x

)
if 0 < x ≤ 1
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Identies

d/dx(sinh−1(x)) =
1√

x2 + 1

d/dx(cosh−1(x)) =
1√

x2 − 1
, if x > 1

d/dx(tanh−1(x)) =
1

1− x2
, if |x | < 1

d/dx(sech−1(x)) =
1

x
√
1− x2

if 0 < x < 1
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Function at x Derivative at x
ax ax ln(a)
ab 0

(f (x))b bf ′(x)f (x)b−1

ag(x) ag(x)ln(a)g ′(x)
loga(x) 1

xln(a)

ln(x) 1/x
ln(u(x)) u′(x)

u(x)

ln|x | 1/x
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Exercises

Differentiate
1 f (x) = ln(x3 + 1)

2 f (x) = ln(sin(x)).
3 f (x) =

√
ln(x)

4 f (x) = log10(2 + sin(x))

5 f (x) = ln
(

x+1√
x−2

)
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Steps in logarithm differentiation

Differentiate
1 Take natural logarithm in both side of the equality and use logarithm
laws.

2 Differentiate implicitly with respect to x

3 Solve the resulting equation.
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Exercise

1 Differentiate
1 f (x) = x3/4√x2+1

(3x+2)5

2 f (x) = x
√
x

Prove using logarithm differentiation that if n is any real number and
f (x) = xn then f ′(x) = nxn−1.
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The number e as a limit.

1 e = limx→0(1 + x)1/x

2 e = limn→∞(1 + 1/n)n.
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Linear approximation

The idea is that it might be easy to calculate a value f (a) of a function
but difficult or even impossible to compute nearby values of f . So we
settle for the easily computed values of the linear function L whose graph
is the tangent line of f at (a, f (a)) as an approximation to the curve
y = f (x) when x is near a. An equation of this tangent line is

y = f (a) + f ′(a)(x − a)

and the approximation

f (x) ∼ f (a) + f ′(a)(x − a)

is called the linear approximation or tangent line approximation of f
at a. The linear function whose graph is this tangent line, that is,

L(x) = f (a) + f ′(a)(x − a)

is called the linearization of f at a.
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Exercise

Find the linearization of the function f (x) =
√
x + 3 at a = 1 and use it

to approximate the numbers
√
3.98 and

√
4.05. Are these approximations

overestimates or underestimates ? For what values of x is this linear
approximation accurate within 0.5 ? What about accuracy to within 0.1 ?
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Dividing polynomials

Dividing Polynomials is much like the familiar process of dividing number.
When you divide 38 by 7, the quotient is 5 and the remainder is 3. We
write

38 = 5× 7 + 3

Division Algorithm

If P(x) and D(x) are polynomials with D(x) 6= 0, then there exist unique
polynomials Q(x) and R(x) is either 0 or of degree less than the degree
of D(x), such that

P(x) = D(x) · Q(x) + R(x).

The polynomial P(x) is called the dividend and D(x) is called the
divisor, Q(x) is the quotient and R(x) is the remainder.
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Exercise

Divide
1 6x2 − 26x + 12 by x − 4.
2 8x4 + 6x2 − 3x + 1 by 2x2 − x + 2
3 x3 + 2x2 − 3x + 1 by x2 + 1.
4 2x3 − 7x2 + 5 by x − 3
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Remainder Theorem

If the polynomial P(x) is divided by x − c , then the remainder is the
values of P(c).
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Example

Let P(x) = 3x5 + 5x4 − 4x3 + 7x + 3 and
Q(x) = 8x5 − 2x4 + 10x3 + x2 − 20x + 10 ;

1 Find the quotient and the remainder when P(x) and Q(x) is divided
by x + 2

2 Use the Remainder Theorem to find P(−2).
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Factor Theorem

c is a zero of P if and only if x − c is a factor of P(x)
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Example

1 Let P(x) = x3 − 7x + 6. Show that P(1) = 0 and use this fact to
factor P(x) completely.

2 Let P(x) = x3 + x2 − 94x + 176. Factor P(x) completely.
3 Let P(x) = x3 + 21x2 − 157x + 135. Factor P(x) completely.
4 Find a polynomial of degree 4 that has zeros −3, 0, 1 and 5.
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Definition

If am, am+1, · · · , an are real numbers and m and n are integers such that
m ≤ n, then

n∑
i=m

= am + am+1 + · · ·+ an−1 + an

With function notation the definition can be rewritten as
n∑

i=m

f (i) = f (m) + f (m + 1) + · · ·+ f (n − 1) + f (n)

The symbol
∑n

i=m indicates a summation in which the letter i (called the
index of summation) takes on consecutive integer values beginning with
m and ending with n, that is, m, m + 1, · · · , n. Other letters can also be
used as the index of summation.
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Example

1
∑4

i=1 i2 = 12 + 22 + 32 + 42 = 30

2
∑n

i=3 i = 3 + 4 + · · · + (n − 1) + n

3
∑5

j=0 2
j = 20 + 21 + 22 + 23 + 24 + 25 = 63

4
∑n

k=1 = 1 + 1/2 + 1/3 + · · · + 1/n

5
∑3

i=1
i−1
i2+3 = 1−1

12+3 + 2−1
22+3 + 3−1

32+3 = 0 + 1/7 + 1/6 = 13
42

6
∑4

i=1 2 = 2 + 2 + 2 + 2 = 8
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Exercise

Write 23 + 33 + · · ·+ n3 in sigma notation.
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Theorem

If c is any constant (that is, it does not depend on i) then
1
∑n

i=m cai = c
∑n

i=m ai

2
∑n

i=m(ai + bi ) =
∑n

i=m ai +
∑n

i=m bi

3
∑n

i=m(ai − bi ) =
∑

i=m ai −
∑n

i=m bi
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Exercise

1 Find
∑n

i=1 1.

2 Find
∑n

i=1 i = n(n+1)
2 .

3 Find
∑n

i=1 i
2 = n(n+1)(2n+1)

6 .
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Theorem

1
∑n

i=1 1 = n.
2
∑n

i=1 c = nc.

3
∑n

i=1 i = n(n+1)
2 .

4
∑n

i=1 i
2 = n(n+1)(2n+1)

6 .

5
∑n

i=1 i
3 =

(
n(n+1)

2

)2
.
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Related rates

Exercise

Air of the pumped into a spherical balloon so that its volume increase at
a rate of 100cm3/s. How fast is the radius of the ballon increasing when
the diameter is 50cm ?
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Related rates

Exercise

A ladder 10 ft long rests against a vertical wall. If the bottom of the
ladder slides away from the wall at a rate of 1 ft/s, how fast is the top of
the ladder sliding down the wall when the bottom of the ladder is 6 ft
from the wall.
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Related rates

Exercise

A water tank has the shape of an inverted circular cone with base radius
2 m and height 4 m. If water is being pumped into the tank at a rate of
2m3/min, find the rate at which the water level is rising when the water
is 3 m deep.
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Problem Solving strategy

1 Read the problem carefully
2 Draw a diagram if possible.
3 Introduce notation. Assign symbols to the quantities that are

functions of time.
4 Express the given information and the required rate in terms of

derivatives.
5 Write an equation that relates the various quantities of the problem.

If necessary use the geometry of the situation to eliminate one of the
variables by substitution.

6 Use the Chain Rule to differentiate both sides of the equation with
respect to t

7 Substitute the given information into the resulting equation and solve
for the unknown rate.
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Related rates

Exercise

Car A is traveling west at 50mi/h and car B is traveling north at 60mi/h
Both are headed for the intersection of the two roads. At what rate are
the cars approaching each other when car A is 0.3mi and car B is 0.4
miles from the intersection.
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Related rates

Exercise

A man walks along a straight path at a speed of 4ft/s. A searchlight is
located on the ground 20 ft from the path and is kept focused on the
man. At what rate is the searchlight rotation when the man is 15 ft from
the point on the path closest to the searchlight ?
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Maximum an minimum values

Definition

The number f (x) is a
1 absolute maximum value of f if f (c) ≥ f (x), for all x ∈ D.
2 absolute minimum value of f if f (c) ≤ f (x), for all x ∈ D.

An absolute maximum or minimum is sometimes called a global
maximum or minimum. The maximum and minimum values of f are
called extreme values of f .
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Maximum an minimum values

Definition

The number f (x) is a
1 local maximum value of f if f (c) ≥ f (x) when x is near c .
2 local minimum value of f if f (c) ≤ f (x) when x is near c .
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Maximum an minimum values

Exercise

1 Does f (x) = cos(x) has a global maximal value ? How many time
does it take it for which x ?

2 Does f (x) = x2 has a global maximal/minimum value ?
3 The graph of the function

f (x) = 3x4 − 16x3 + 18x2, −1 ≤ x ≤ 4

is showed here. Give local/global maximal/minimal values.
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Maximum an minimum values

The extreme value theorem

If f is continuous on a closed interval [a, b], then f attains an absolute
maximum value f (c) and an absolute minimum value f (d) at some
number c and d in [a, b].
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Maximum an minimum values

The extreme value theorem
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Maximum an minimum values

Definition

A critical number of a function f is a number c in the domain of f such
that either f ′(c) = 0 or f ′(c) does not exist.
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Maximum an minimum values

Fermat’s theorem

If f has a local maximal or minimum at c , and if f ′(c) exists, then
f ′(c) = 0, c is a critical number.
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Maximum an minimum values

The extreme value theorem
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Maximum an minimum values

Exercise

Find the critical numbers of f (x) = x3/5(4− x).
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Maximum an minimum values

The closed interval Method

To find the absolute maximum and minimum values of a continuous
function f on a closed interval [a, b] :

1 Find the values of f at the critical numbers of f in (a, b).
2 Find the values of f at the endpoints of the interval.
3 The largest of the the values from Steps 1 and 2 is the absolute

maximum values ; the smallest of these values is the absolute
minimum value.
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Maximum an minimum values

Exercise

Find the exact minimum and maximum values for the function
f (x) = x − 2sin(x), 0 ≤ x ≤ 2π.

258 / 345
Calculus (MAM1020)



Contents Functions

Maximum an minimum values

Exercise

The Hubble space telescope was deployed on April 24, 1990, by the space
shuttle Discovery. A model for the velocity of the shuttle during this
mission, from Liftofff at t = 0 until the solid rocket boosters were
jettisoned at t = 126s is given by

v(t) = 0.001302t − 0.09029t2 + 23.61t − 3.083

(in feet per second). Using this model, estimate the absolute maximum
and minimum values of the acceleration of the shuttle between liftoff and
the jettisoning of the boosters.
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Derivatives and Shapes of curves

The mean value Theorem

If f is a differentiable function on the interval [a, b], then there exists a
number c between a and b such that

f ′(c) =
f (b)− f (a)

b − a

or, equivalently,
f (b)− f (a) = f ′(c)(b − a)
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Derivatives and Shapes of curves
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Derivatives and Shapes of curves

Example

If an object moves in a straight line with position function s = f (t), then
the average velocity between t = a and t = b is

f (b)− f (a)

b − a

and the velocity at t = c is f ′(c). Thus the Mean Values Theorem tells
us that at some time t = c between a and b the instantaneous velocity
f ′(c) is equal to that average velocity. For instance, if a car traveled 180
km in 2 hours. then the speedometer must read 90 km/h at least once.
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Derivatives and Shapes of curves

Increasing decreasing test.

1 If f ′(x) > 0 on an interval, then f is increasing on that interval.
2 If f ′(x) < 0 on an interval, then f is decreasing on that interval.
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Derivatives and Shapes of curves

The first derivative test

Suppose that c is a critical number of a continuous function f

1 If f ′ changes from positive to negative at c , then f has a local
maximum at c .

2 If f ′ changes from negative to positive at c , then f has a local
minimum at c .

3 If f ′ does not change sign at c ( for example, if f ′ is positive on both
sides of c or negative on both sides), then f has no local maximum
or minimum at c .
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Derivatives and Shapes of curves
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Derivatives and Shapes of curves

Example

Let f : R→ R be the function defined by f (x) = 3x4 − 4x3 − 12x2 + 5
1 Find where f is increasing and where it is decreasing.
2 Find the local minimum and maximum values of the function f .
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Derivatives and Shapes of curves

Definition

A function (or its graph) is called concave upward on an interval I if f ′
is an increasing function on I . It is called concave downward on I if f ′
is decreasing on I .

A point where a curve changes its direction of concavity is called an
inflection point.
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Derivatives and Shapes of curves
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Derivatives and Shapes of curves

Concavity test

1 If f ′′(x) > 0 for all x in I , then the graph of f is concave upward on I .
2 If f ′′(x) < 0 for all x in I , then the graph of f is concave downward

on I .
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Derivatives and Shapes of curves

The second derivative test

Suppose f ′′ is continuous near c .
1 If f ′(c) = 0 and f ′′(c) > 0, then f has a local minimum at c .
2 If f ′(c) = 0 and f ′′(c) < 0, then f has a local maximum at c .
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Derivatives and Shapes of curves

Exercise

Discuss the curve y = x4 − 4x3 with respect to increasing/decreasing,
concavity, points of inflection, and local maxima/minima. Use this
information to sketch the curve.
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Derivatives and Shapes of curves

Exercise

Sketch the graph of the function f (x) = x2/3(6− x)1/3.
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Derivatives and Shapes of curves

Exercise

Use the first and second derivatives of f (x) = e1/x , together with
asymptotes, to sketch its graph.
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Derivatives and Shapes of curves

Exercise

A population of honeybees raised in an apiary started with 50 bees at
time t = 0 and was modeled by the function

P(t) =
75200

1 + 1503e−0.5932t

where t is the time in weeks, 0 ≤ t ≤ 25. Use a graph to estimate the
time at which the bee population was growing fastest. Then use
derivatives to give a more accurate estimate.
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Derivatives and Shapes of curves

Exercise

Investigate the family of functions given by f (x) = cx + sin(x). What
features do the members of this family have in common ? How do they
differ ?
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Derivatives and Shapes of curves

Exercise

Sketch the graph the graph of the function

f (x) =
x2 + 7x + 3

x2

(increasing/decreasing, maximum/minimum, limits, concavity)
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Derivatives and Shapes of curves

Exercise

How does the graph of f (x) = 1
x2+2x+c vary as c varies ?
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Steps in solving optimization problems

Steps in solving optimization problems

1 Understand the problem The first step is to read the problem carefully until it is clearly
understood. Ask yourself : What is the unknown ? What are the given quantities ? What
are the given conditions ?

2 Draw a diagram In most problems it is useful to draw a diagram and identify the given
and required quantities on the diagram. If possible and useful, try to draw special cases to
see better what is going on.

3 Introduce notation Assign a symbol to the quantity that is to be maximized or minimized
(let’s call it Q for now). Also select symbols (a, b, c, · · · , x, y , z, · · · ) for other unknown
quantities and label the diagram with these symbols. It may help to use initials as
suggestive symbols- for example. A for area, h for height, t for time.

4 Express Q in terms of some of the other symbols from step 3.

5 If Q has been expressed as a function of more than one variable in Step 4, use the given
information to find relationships (in the form of equations) among these variables. Then
use these equations to eliminate all but one of the variable say, Q = f (x). Write the
domain of this function.

6 Use the methods seen in earlier slides to find the absolute maximum or minimum value of
f . In particular, if the domain of f is a closed interval, then the Closed Interval Method
can be used.
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Exercise : Maximizing area

A farmer has 2400 ft of fencing and wants to fence off a rectangular field
that borders a straight river. He needs no fence along the river. What are
the dimensions of the field that has the largest area ?
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Exercise : Minimizing cost

A cylindrical can is to be made to hold 1 L of oil. Find the dimensions
that will minimize the cost of the metal to manufacture the can.
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Exercise :

Find the point on the parabola y2 = 2x that is closest to the point (1, 4).
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Exercise : Minimizing time

A man launches his boat from point A on a bank of a straight river, 3 km
wide, and wants to reach point B, 8 km downstream on the opposite
river to point C and then run to B, or he could row directly to B, or he
could row to some point D between C and B and then run B. If he can
row 6 km/h and run 8 km/h, where should he land to reach B as soon as
possible ? (We assume that the speed of the water is negligeable
compared with the speed at which the man rows.)
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Steps in solving optimization problems

Exercise : Minimizing time

Find the area of the largest rectangle that can be inscribed in a
semi-circle of radius r
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Application to business and economics

Let C (x) the cost function is the cost of producing x units of a certain
product. The marginal cost is the rate of change of C with respect to x
that is C ′(x).
Let p(x) be the price per unit that the company can charge if it sells x
units. Then p is called demand function (or price function) and we
would expect it to be a decreasing function of x . If x units are sold and
the price per unit is p(x), then the total revenue is

R(x) = xp(x)

and R is called the revenue function. The derivative R ′ is called the
marginal revenue function.
If x units are sold, then the total profit is

P(x) = R(x)− C (x)

and is called profit function. The marginal profit function is P ′.
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Steps in solving optimization problems

Exercise : Minimizing revenue

A store has been selling 200 DVD burners a week at $350 each. A market
survey indicated that for each $10 rebate offered to buyers, the number
of units sold will increase by 20 a week. Find the demand function and
the revenue function. How large a rebate should the store to maximize its
revenue ?
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Newton’s method/Newton-Raphson method

Let f be a function. We start with a first approximation x1 of a root of f , which is obtained by guessing
or from a rough sketch of the graph of f , or from a computer generated graph of f . Consider the
tangent line L to the curve y = f (x) at the point (x1, f (x1)) and look at the intercept of L, labeled x2.
The idea behind Newton’s method is that the tangent line L is close to the curve and so its x-intercept,
x2, is close to the x-intercept of the curve (namely, the root r that we are seeking). Because the tangent
is a line, we can easily find its x intercept.
To find a formula for x2 in terms of x1 we use the fact that the slope of L is f ′(x1), so its equation is

y − f (x1) = f ′(x1)(x − x1)

Since the x-intercept of L is x2, we set y = 0 and obtain

0− f (x1) = f ′(x1)(x2 − x1)

If f ′(x1) 6= 0, we can solve this equation for x2 :

x2 = x1 −
f (x1)

f ′(x1)

We use x2 as a second approximation to r .
Next we repeat this procedure with x1 replaced by the second approximation x2, using the tangent line
at (x2, f (x2)). This gives the third approximation

x3 = x2 −
f (x2)

f ′(x2)
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Newton’s method/Newton-Raphson method

If we keep repeating this process, we obtain a sequence of approximation
x1, x2, x3, x4, · · · . In general, if the nth approximation is xn and
f ′(xn) 6= 0, then the next approximation is given by

xn+1 = xn −
f (xn)

f ′(xn)

If the numbers xn become closer and closer to r as n becomes large, then
we say that the sequence converges to r and we write

limn→∞xn = r
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Newton’s method/Newton-Raphson method

Sometimes the Newton’s method fails or works very slowly and a better
initial approximation x1 should be chosen. When f ′(x1) is close to 0 for
instance then x2 could be a worse approximation than x1 as in the bellow
figure or even fall outside the domain of f .
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Newton’s method/Newton-Raphson method

Exercise

Starting with x1 = 2, find the third approximation x3 to the root of the
equation x3 − 2x − 5 = 0.
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Newton’s method/Newton-Raphson method

Exercise

Use Newton’s method to find 6
√
2 correct to eight decimal places.
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Newton’s method/Newton-Raphson method

Exercise

Find, correct to six decimal places, the root of the equation cos(x) = x .
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Antiderivative

Definition

A function F is called an antiderivative of f on an interval I if
F ′(x) = f (x) for all x in I .
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Antiderivative

Theorem

If F is an antiderivative of f on an interval I , then any antiderivative of f
on an interval I is of the form

F (x) + C

when C is an arbitrary constant.
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Antiderivative

Example

Find all the antiderivative of each of the following functions.
1 f (x) = sin(x)

2 f (t) = t2

3 f (θ) = 1
θ

4 f (s) = sn, n 6= −1.
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Antiderivative

Function Particular antiderivative
cf (x) cF (x)

f (x) + g(x) F (x) + G (x)

xn (n 6= −1) xn+1

n+1
1/x ln|x |
ex ex

cos(x) sin(x)
sin(x) −cos(x)
sec2(x) tan(x)

sec(x)tan(x) sec(x)
1√
1−x2 sin−1(x)
1

1+x2 tan−1(x)
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Antiderivative

Example

Find all functions g such that

g ′(x) = 4sin(x) +
2x5 −

√
x

x
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Antiderivative

Example

Find f if f ′(x) = ex + 20(1 + x2)−1 and f (0) = −2.
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Antiderivative

Example

A particule moves in a straight line and has acceleration given by
a(t) = 6t + 4. Its initial velocity is v(0) = −6 cm/s and its initial
displacement is s(0) = 9 cm. Find its position function s(t).
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Antiderivative

Example

An object near the surface of the earth is subject to a gravitational force
that produces a downward acceleration denoted a. For motion close to
the ground, we may assume that a is constant, its value being about
9.8 m/s2 ( or 32ft/s2). A ball is thrown upward with a speed of 48ft/s
from the edge of a cliff 432 ft above the ground. Find its height above
the group t seconds later. When does it reach its maximum height ?
When does it hit the ground ?
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Area

Example

Use rectangles to estimate the area delimited by the parabola defined by
y = x2, the x-axis, the line of equation x = 0 and x = 1.
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Area
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Area

We start by subdividing S into n strips S1, S2, · · · ,Sn of equal width.
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Area

The width of the interval [a, b] is b − a, so the width of each of the n
strips is

∆x =
b − a

n

These strips divide the interval [a, b] into n subintervals

[x0, x1], [x1, x2], [x2, x3], · · · , [xn−1, xn]

where x0 = a and xn = b. The right endpoints of the subintervals are

x1 = a + ∆x , x2, a + 2∆x , x3 = a + 3∆x , · · ·

Let’s approximate the i th strip by a rectangle with width ∆x and height
f (xi ), which is the value of f at the right end point. The area of the i th

rectangle is f (xi )∆x .
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Area

What we think of intuitively as the area of S is approximated by the sum
of areas of these rectangles, which is

Rn = f (x1)∆x + f (x2)∆x + · · ·+ f (xn)∆x =
n∑

i=1

f (xi )∆x
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Area

Definition

The area of the region S delimited by the graph of f a continuous
function, the x-axis, the line of equation x = a and the line of equation
x = b is equal to

A = limn→∞Rn

= limn→∞[f (x1)∆x + f (x2)∆x + · · ·+ f (xn)∆x ]
= limn→∞

∑n
i=1 f (xi )∆x

where

Rn = f (x1)∆x + f (x2)∆x + · · ·+ f (xn)∆x =
n∑

i=1

f (xi )∆x
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Area

Exercise

Let A be the area of the region that lies under the graph of f (x) = e−x

between x = 0 and x = 2.
1 Using right endpoints, find an expression for A as a limit. Do not
evaluate the limit.

2 Estimate the area by using four subintervals and then ten
subintervals.
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Definite integral

Definition

If f is a function defined for a ≤ x ≤ b, we divide the interval [a, b] into
n subintervals of equal width ∆x = b−a

n . We let
x0(= a), x1, x2, · · · , xn(= b) be the endpoints of these subintervals, so x∗i
lies in the i th subinterval [xi−1, xi ]. Then, the definite integral of f
from a to b is ∫ b

a

f (x)dx = limn→∞

n∑
i=1

f (x∗i )∆x

provided that this limit exists. if it does exist, we say that f is integrable
on [a, b].
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Definite integral

Notes

Note that the symbol
∫

was introduced by Leibniz and is called an
integral sign. f (x) is called the integrand and a and b are called the
limits of integration ; a is the lower limit and b is the upper limit. The
dx simply indicates that the dependent variable is x .

∫ b

a
f (x)dx is all one

symbol. The procedure of calculating an integral is called integration.
We can write

∫
f (x)dx for the antiderivative of f when x is chosen to be

the variable.
Note that ∫ b

a

f (x)dx =

∫ b

a

f (t)dt =

∫ b

a

f (r)dr
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Definite integral

Notes

If f (x) ≥ 0, the integral
∫ b

a
f (x)dx is the area delimited by the graph of

f , the x-axis and the line x = a and x = b.
When f (x) ≤ 0 the integral

∫ b

a
f (x)dx is minus the area delimited by the

graph of f , the x-axis and the line x = a and x = b.
In general,

∫ b

a
f (x)dx is the sum of the areas above the x-axis minus the

sum of the areas bellow the x-axis (for the domains delimited by the
graph of f , the x-axis and the line of equation x = a and x = b).
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Definite integral

Theorem

If f is continuous on [a, b], or f has only a finite number of jump
discontinuities, then f is integrable on [a, b] ; that is the definite integral∫ b

a
f (x)dx exists.
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Definite integral

Theorem

If f is integrable on [a, b] then∫ b

a

f (x)dx = limn→∞

n∑
i=1

f (xi )∆x

where
∆x =

b − a

n
and xi = a + i∆x
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Definite integral

Example

1 Evaluate the Riemann sum for f (x) = x3 − 6x, taking the sample points to be right
endpoints and a = 0, b − 3 and n = 6.

2 Evaluate ∫ 3

0
(x3 − 6x)dx
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Definite integral

Example

Evaluate the following integrals by interpreting each in terms of areas
1
∫ 1
0
√
1− x2dx

2
∫ 3
0 (x − 1)dx.

313 / 345
Calculus (MAM1020)



Contents Functions

Properties of definite integral

Properties

1
∫ b
a
f (x)dx = −

∫ a
b
f (x)dx

2
∫ a
a
f (x)dx = 0

3
∫ b
a
cdx = c(b − a), where c is any constant.

4
∫ b
a

(f (x) + g(x))dx =
∫ b
a
f (x)dx +

∫ b
a
g(x)dx (We will refer to this property as linearity

property of the integral)

5
∫ b
a
cf (x)dx = c

∫ b
a
f (x)dx, where c is any constant. (We will also refer to this property as

linearity property of the integral)

6
∫ b
a

(f (x)− g(x))dx =∈b
a f (x)dx −

∫ b
a
g(x)dx. (We will also refer to this property as

linearity property of the integral)

7
∫ c
a
f (x)dx +

∫ b
c
f (x)dx =

∫ b
a
f (x)dx (We will refer to this property as additive property of

the integral)

8 If f (x) ≥ 0 for a ≤ x ≤ b, then
∫ b
a
f (x)dx ≥ 0 (We will refer to this property as

comparison property of the integral)

9 If f (x) ≥ g(x), for a ≤ x ≤ b, then
∫ b
a
f (x)dx ≥

∫ b
a
g(x)dx. (We will refer to this

property as comparison property of the integral)

10 If m ≤ f (x) ≤ M for a ≤ x ≤ b, then

m(b − a) ≤
∫ b

a

f (x)dx ≤ M(b − a)

(We will refer to this property as comparison property of the integral)
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Definite integral

Example

Use the properties of integrals to evaluate
∫ 1
0 (4 + 3x2)dx .
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Definite integral

Example

If it is known that
∫ 10
0 f (x)dx = 17 and

∫ 8
0 f (x)dx = 12, find

∫ 10
8 f (x)dx .
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Definite integral

Example

Estimate
∫ 1
0 e−x

2
dx using comparison properties.
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Evaluating definite integrals

Evaluation theorem

If f is continuous on the interval [a, b], then∫ b

a

f (x)dx = [F (x)]ba = F (b)− F (a)

where F is any antiderivative of f , that is, F ′ = f .
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Evaluating definite integrals

Exercise

Compute ∫ 1

0
x2dx
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Evaluating definite integrals

Exercise

Compute ∫ 3

1
exdx
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Evaluating definite integrals

Exercise

We are in a orthonormal cartesian plane with 1 graphic unit equal to 2 cm
Find the area delimited by the cosine function, the x-axis and the line of
equation x = 0 and x = b.
What is this area when b = π/2 ?

321 / 345
Calculus (MAM1020)



Contents Functions

Indefinite integrals

Indefinite integral

THe notation
∫
f (x)dx is traditionally used for an antiderivative of f and

is called an indefinite integral. Thus∫
f (x)dx = F (x) means F ′(x) = f (x)

Be aware of the difference between a definite integral
∫ b

a
f (x)dx is a

number whereas an indefinite integral
∫
f (x)dx is a function.

We have ∫ b

a

f (x)dx = [

∫
f (x)dx ]ba
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Indefinite integrals

Exercise

Compute
1
∫
1/xdx

2
∫
sec2(x)dx
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Table of indefinite integrals

1
∫

(f (x) + g(x))dx =
∫
f (x)dx +

∫
g(x)dx

2
∫
cf (x)dx = c

∫
f (x)dx

3
∫
xndx = xn+1

n+1 + c (n 6= −1)

4
∫
exdx = ex + c

5
∫
sin(x)dx = −cos(x) + c

6
∫
sec2(x)dx = tan(x) + c

7
∫
sec(x)tan(x)dx = sec(x) + c

8
∫ 1

x2+1 dx = tan−1(x) + c

9
∫
1/xdx = ln|x| + c

10
∫
axdx = ax

ln(a) + c

11
∫
cos(x)dx = sin(x) + c

12
∫
csc2(x)dx = −cot(x) + c

13
∫
csc(x)cot(x)dx = −csc(x) + c

14
∫ 1√

1−x2
dx = −sin−1(x) + c
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Exercise

Find the general indefinite integral∫
(10x4 − 2sec2(x))dx
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Exercise

Evaluate ∫ 3

0
(x3 − 6x)dx

and interpret the result in terms of areas.
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Exercise

Evaluate ∫ 2

0
(2x3 − 6x +

3
x2 + 1

)dx
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Exercise

Evaluate ∫ 9

1

2t2 + t2
√
t − 1

t2
dt
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Net change theorem

The integral of a rate of change is the net change :∫ b

a

F ′(x)dx = F (b)− F (a)
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Exercise

A particle moves along a line so that its velocity at time is
v(t) = t2 − t − 6 (measured in meters per second).

1 Find the displacement of the particle during the time period
1 ≤ t ≤ 4.

2 Find the distance traveled during this time period.
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Exercise

The bellow figure shows the power consumption in the city of San
Francisco for a day in September (P is measured in megawatts ; t is
measured in hours starting at midnight). Estimate the energy used on
that day.

331 / 345
Calculus (MAM1020)



Contents Functions

Exercise

If g(x) =
∫ x

a
f (t)dt, where a = 1 and f (t) = t2, find a formula for g(x)

and calculate g ′(x).
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The Fundamental theorem of calculus

If f is continuous on [a, b], then the function g defined by

g(x) =

∫ x

a

f (t)dt a ≤ x ≤ b

is an antiderivative of f , that is g ′(x) = f (x) for a < x < b.
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Exercise

Find the derivative of the function g(x) =
∫ x

0

√
1 + t2dt.
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Exercise

Find
d

dx

∫ x

1
sec(t)dt
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The substitution rule

If u = g(x) is a differentiable function whose range is an interval I and f
is continuous on I , then∫

f (g(x))g ′(x)dx =

∫
f (u)du
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Exercise

Find
1
∫
2x
√
1 + x2dx

2
∫
x3cos(x4 + 2)dx

3
∫ √

2x + 1dx

4
∫

x√
1−4x2

dx

5
∫
e5xdx

6
∫
tan(x)dx
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The substitution rule

If g ′ is continuous on [a, b] and f is continuous on [a, b] and f is
continuous on the range of u = g(x), then∫ b

a

f (g(x))g ′(x)dx =

∫ g(b)

g(a)

f (u)du
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Exercise

Find
1
∫ 4
0
√
2x + 1dx

2
∫ 2
1

dx
(3−5x)2 dx

3
∫ e
1

ln(x)
x dx
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Integral of symmetric functions

Suppose f is continuous on [−a, a]
1 If f is even (that is f (−x) = f (x) for all x ∈ [−a, a]) then∫ a

−a

= 2
∫ a

0
f (x)dx

2 If f is odd (that is f (−x) = −f (x) for all x ∈ [−a, a]) then∫ a

−a

= 0
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Exercise

Find
1
∫
− 22(x6 + 1)dx

2
∫ 1
−1

tan(x)

1+x2+x4 dx
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Integration by part formula

If f and g are differentiable function we have∫
f (x)g ′(x)dx = f (x)g(x)−

∫
g(x)f ′(x)dx
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Exercise

Find
1
∫
xsin(x)dx

2
∫
ln(x)dx

3
∫
t2etdx

4
∫
ex sin(x)dx
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Integration by part formula

If f and g are differentiable function we have∫ b

a

f (x)g ′(x)dx = [f (x)g(x)]ba −
∫ b

a

g(x)f ′(x)dx
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Exercise

1 Find
∫
tan−1(x)dx

2 Prove that ∫
sinn(x)dx = 1/ncos(x)sinn−1(x) +

n − 1
n

∫
sinn−2(x)dx

where n ≥ 2 is an integer.
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Exercise

1 Evaluate
∫
cos3(x)dx

2 Evaluate
∫
sin2(x)dx

3 Prove that the area of a circle with radius r is πr2.

4 Find
∫ 5x−4

2x2+x−1 dx

5 Find
∫

dx
x2+a2

6 Evaluate
∫ 2x2−x+4

x3+4x dx

7 Find
∫ 2
0

x2+12
x2+4 dx
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